Abstract. We define a divisorial motivic zeta function for stable curves with marked points which agrees with Kapranov's motivic zeta function when the curve is smooth and unmarked. We show that this zeta function is rational, and give a formula in terms of the dual graph of the curve.
Introduction
Let k be an algebraically closed field. The Grothendieck ring K 0 (Var/k) of varieties over k is the free abelian group on the set of isomorphism classes of varieties modulo the relations
, where Y is a closed subvariety of X. It naturally carries a product given by taking the product of varieties:
For simplicity, we assume that k has characteristic zero. Otherwise, we must instead work with K 0 (Var/k), which is the quotient of K 0 (Var/k) by the relations generated by [X] − [Y] whenever there is a radical surjective morphism X → Y of varieties over k; the product in K 0 (Var/k) is given by the reduced product of algebraic varieties. Throughout, we denote the class of A 1 k by L in K 0 (Var/k). Let X be a quasiprojective variety over k. For d ≥ 1, the symmetric group S d acts on X d , and the quotient by this action gives X d , the d-th symmetric product of X. By convention, we set X 0 = Spec k. Kapranov [Kap00] defines the motivic zeta function of X with coefficients in the Grothendieck ring:
This generalizes Weil's zeta function for varieties over finite fields to the motivic setting. When X is a smooth projective curve, Z mot (X, t) is rational (see e.g. [Kap00] and [Lit15] ).
In this paper we propose a natural generalization Z div (X, p) (see Definition 3.1) of Kapranov's motivic zeta function for a stable curve X with n marked points p that takes into account the behavior at the nodes and the marked points. The basic idea is to replace the symmetric power X d in the definition of Kapranov's zeta function by the fiber over (X, p) in a quotient of Hassett's moduli space of weighted stable curves of type (1 n , d ) (as in [Has03] ). In the case n = 0, this space functions as a natural desingularization of the moduli space of effective divisors on X (see [MUW17, Section 2]). When X is smooth and does not have marked points, our coefficients equal the symmetric power, giving Z div (X, t) = Z mot (X, t). Our main result is the following Theorem A.
Theorem A. Let (X, p) be a stable quasiprojective curve over k with n marked points p. Then Z div (X, p; t) is rational over K 0 (Var/k). Moreover, if G = (E, V) is the dual graph of X, then
where X v is the normalization of the component of X corresponding to the vertex v ∈ V.
In [BRV17] Bejleri, Ranganathan, and Vakil define a motivic Hilbert zeta function Z Hilb (X; t), where the coefficients are given by Hilbert schemes of points on a variety X. Their zeta function is sensitive to the singularities of X, while also agreeing with the usual motivic zeta function when X is smooth. They show that the motivic Hilbert zeta function of a reduced curve is rational. In contrast to our divisorial zeta function, the motivic Hilbert zeta function in [BRV17] does not take into account marked points. Using [BRV17, Lemma 2.1, Corollary 2.2, and Proposition 6.1], one can calculate that, for a nodal quasiprojective curve X with dual graph G = (V, E), we have
It is instructive to compare our formula in Theorem A as well as formula (1.1) for the Hilbert motivic zeta function with the formula for the usual Kapranov motivic zeta function Z mot (X; t). Using [CLNS18, Chapter 7, Proposition 1.1.7] (which is also stated as Lemma 3.9 below) one may calculate that
While Z mot X; t appears to be insensitive to the nodal singularities of X, both Z div X; t and Z Hilb X; t "see" the nodes by adding extra components. Kapranov's motivic zeta function is known to be irrational for many surfaces. Let X be a smooth projective connected surface. In [LL04] Larsen and Lunts prove that X is only pointwise rational when X has Kodaira dimension −1 (over C) and in [LL03] they show (over any field) that Z mot (X; t) is not pointwise rational when the Kodaira dimension of X is ≥ 2. programme under the Marie-Skłodowska-Curie Grant Agreement No. 793039.
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Effective divisors on pointed stable curves
Let k be an algebraically closed field of characteristic 0 and let g, n ≥ 0 such that 2g−2+n > 0.
Definition 2.1. Define a category Div g,n,d fibered in groupoids over schemes, whose objects are tuples (π : X → S, p , D) consisting of the following data:
(i) π : X → S is a flat and proper morphism of connected nodal curves; (ii) p is an ordered collection of sections p 1 , . . . , p n : S → X that do not meet the nodes in each fiber X s of π; and (iii) D is a relative effective Cartier divisor of degree d on X over S, whose support does not intersect the nodes and sections in each fiber X s of X over S.
We also require that the twisted canonical divisor
Denote by M g,1 n , d , the moduli space of weighted stable curves of genus g with n marked points of weight one and d marked points of weight = 1 d > 0 in the sense of [Has03] . There is a natural operation of S d on M g,1 n , d that permutes the d marked points of weight . Then Div g,n,d is naturally equivalent to the relative coarse moduli space of
over M g,n in the sense of [AOV11, Theorem 3.1]. So, in particular, it is a smooth and proper Deligne-Mumford stack with a projective coarse moduli space. There is a natural forgetful morphism Div g,n,d → M g,n and we write Div g,n,d for its restriction to M g,n . The complement of Div g,n,d in Div g,n,d has (stack-theoretically) normal crossings. Let (X, p) = (X, p 1 , . . . , p n ) be a stable marked curve of genus g given by a morphism Spec(k) → M g,n . The fiber over this point is given by
This describes tuples (X , p , D) consisting of (i) a nodal curve X ; (ii) a collection of marked points p = (p 1 , . . . , p n ) of X such that p 1 , . . . , p n do not meet the nodes of X and the stabilization of (X , p ) is isomorphic to (X, p); (iii) a relative effective Cartier divisor D of degree d on X whose support does not intersect the nodes or marked points of X .
is ample, where = Suppose now that X is quasiprojective. We choose a compactification X of X by smooth points and define Div 
Divisorial motivic zeta function
Definition 3.1. Let (X, p) be a stable marked quasiprojective curve over k of genus g with n marked points. The divisorial motivic zeta function of (X, p) is defined to be
We begin by breaking up the classes Div 
Lemma 3.3. Let (X, p) be a stable marked quasiprojective curve over k.
where the second sum is over all stable pairs (G , D) of degree d over the dual graph G of (X, p).
Proof. This follows from the description of the strata of Div + d (X, p) and Lemma 3.2. Notation 3.4. Given a stable marked quasiprojective curve (X, p) and points q 1 , . . . , q m ∈ X, write X, p, − q := X\{q 1 , . . . , q m }, {p 1 , . . . , p n }\{q 1 , . . . , q m } .
Given a connected component X v of X, we denote the non-special locus of X v by
We now describe the class of Div + (G ,D) (X, p) in the Grothendieck ring.
Lemma 3.5. Let (X, p) be a stable marked quasiprojective curve, and let (G , D) be a stable pair such that the stabilization of G is equal to the dual graph G of X. Then:
where G denotes the one-dimensional algebraic torus A 1 − {0} over k.
Proof. A point in Div
We now prove a series of propositions which give us a way to iteratively relate the divisorial motivic zeta function of a stable curve to the divisorial motivic zeta functions of its components. Proposition 3.6 (Self-intersection). Let (X, p, q 1 , q 2 ) be a stable quasiprojective curve with n+2 marked points and let (X/ q 1 ∼q 2 , p) be the curve with a nodal self-intersection obtained by gluing q 1 and q 2 . Then:
Proof. Using Lemmas 3.3 and 3.5, we have that
where we interpret j to be the degree of the divisor restricted to (X, p, −q 1 , −q 2 ). The last sum is taken over all ordered ways to write the integer d − j as a sum of positive integers, and
. We see this because in both cases the strata are given by stable pairs whose exceptional components emanate from the point q 1 (see Figure 3) . Proposition 3.7 (Intersection). Let (X, p, p) be a stable quasiprojective curve with n + 1 marked points and let (Y, q, q) be a stable quasiprojective curve with m + 1 marked points. Denote by X p∼q Y the curve obtained by gluing X to Y along a node at the points p, q. Then:
Proof. By Lemmas 3.3 and 3.5, we have that the divisorial zeta function is where we interpret r to be the degree of the divisor restricted to Y, l to be the degree of the divisor restricted to X and the exceptional components, and l x to be the degree of the divisor restricted to X (See Figure 4) . We observe that this is in fact a product of series:
On the left we have Z div Y, q, −q; t and on the right we have Z div X, p, p; t .
Proposition 3.8 (Closing). Let X be a smooth quasiprojective curve and let p ∈ X be a point. Then,
First, we need the following lemma.
Lemma 3.9 ([CLNS18, Chapter 7, Proposition 1.1.7]). If X is a quasiprojective variety, and Y → X is a closed subvariety with complement U, then
Proof of Proposition 3.8. In our case, we take Y = p and U = X(−p). Then,
Since X is smooth, we have
Applying the above equation, we find
Proposition 3.10. Denote by G be the one-dimensional algebraic torus A 1 − {0} over k and by L the class of A 1 in the Grothendieck ring. Then:
Proof. By Lemma 3.9 applied to X = A 1 and U = G, we find that
After re-indexing, we find:
Solving for Z div (G, t), we find that Z div (G, t) = 1−t 1−Lt , as claimed. The equality Z div (G; t) = Z mot (G; t) holds, since G is a smooth curve without marked points.
Proposition 3.11. Let (X, p, q) be a quasiprojective stable marked curve. Then,
Proof. We have Z div X, p, q; t = where we think of j as the degree of the divisor restricted to exceptional components. Now, we evaluate the right term in this product. Re-organizing by the length of the composition, we find
.
Applying Proposition 3.10 and simplifying, we obtain the result.
We are now ready to prove Theorem A from the introduction.
Proof of Theorem A. Let (X, p) be a pointed stable curve over k with dual graph G. We use Propositions 3.6 and 3.7 to break up X into its components. Each node in X yields a new marked point and a new hole. By Proposition 3.11, exchanging the |E| + n marked points for a holes leads to factors of 1 − Lt 1 − Lt − t + t 2 , Stitching the 2|E| + n holes leads to factors of 1 − t by Proposition 3.8. So we obtain Z div (X, p; t) = 1 − Lt 1 − Lt − t + t 2 |E|+n (1 − t) 2|E|+n v∈V Z div X v , t .
Finally, we use that the motivic zeta function is equal to the divisorial zeta function for each X v because X v is smooth and does not have marked points.
